To cope with uncertainty in the parameters of the di usion process when pricing options portfolios, one can de ne a subset C in the parameter space and identify the parameter setp 2 C which represents the worstcase for a particular portfolio. For the sell-side, this leads to a nonlinear algorithm that maximizes the expected liability under the risk-neutral measure.p depends on the portfolio under consideration. Moreover, the algorithm must take into account that the exposure to C -risk changes when non-vanilla components such as barrier or American options knock out or are exercised early. In this paper, we describe techniques which price portfolios with American options under worst-case scenarios based on uncertain volatility models. We also present heuristics which reduce the computational complexity that arises from the necessity to consider many early exercise combinations at a time. These heuristics reduce the compute time by almost one half.
Introduction
Standard Black-Scholes models do not represent the dynamics of the stock market adequately; implied volatility tends to be higher for in-the-money and outof-the-money options than for at-the-money options. Several ways have been proposed to x this de ciency: time-and space-varying yet deterministic volatility models, stochastic volatility models, or calibration of a volatility surface to market prices, for example. This paper is based on a scenario approach: given a class of deterministic volatility models (or, more generally, a class of parameters driving the underlying di usion process), one is selected that, among all the members of the class, best ful lls a speci c scenario chosen by the agent.
This approach di ers from stochastic volatility models in that the volatility does not have to be modeled by a stochastic process. Rather, once a deterministic volatility model has been selected in accordance to the scenario, it is regarded as the true estimate under which the portfolio under consideration is to be priced, after the risk-neutral measure has been constructed from the selected model. Thus, problems arising form market incompleteness under stochastic volatility models are avoided.
In this paper, a one-sided worst-case scenario criterion is used to identify a volatility model. Assuming portfolios are evaluated from the sell side's point of view, the liability stemming from the portfolio is maximized over all admissible deterministic volatility scenarios (we shall speak of volatility scenarios and volatility models interchangingly; both terms refer to the same concept). This choice leads to nonlinear (sub-additive) pricing, due to diversi cation of volatility risk and \gamma-risk." In principle, worst-case evaluation is based on a nonlinear Hamilton-Jacobi-Bellman equation that generalizes Black-Scholes by adjusting the local volatility, or conditional variance, to the local gamma.
The Hamilton-Jacobi-Bellman method is straightforward to implement on a computer for portfolios of vanilla options. Avellaneda et al. (1995) describe theory and implementation of the Uncertain Volatility Model; an extension which hedges a portfolio of vanilla options with liquidly traded market benchmarks is proposed in Avellaneda and Par as (1996) . The computational overhead, however, grows quite dramatically once path-dependent options are added to the portfolio. The worst-case volatility scenario from today's perspective of a portfolio containing an American option, for instance, depends on whether the option is exercised today or not (for simplicity, assume the option can be exercised only at nitely many times). A worst-case pricer must compare the worst-case price of the portfolio under the assumption that the American option is exercised tomorrow at the earliest; the worst-case price of the portfolio minus the American option, plus the cash ow received or paid immediately from early exercise. The pricer then must select the early exercise strategy that ts the worst-case assumption. As the number of American options in the portfolio increases, the number of di erent early exercise strategies that must be invesigated increases potentially exponentially, as nonlinearity forces the pricer to consider all relevant combinations. This leads to a hierarchy of interdependent PDE's, each solving a Hamilton-Jacobi-Bellman problem. Avellaneda and Bu (1998) have shown that for barrier options, the maximum number of PDE's is O(n 2 ) in the presence of uncertainty in the volatility (n being the number of barrier options in the portfolio). For American options, the situation becomes more di cult since the early exercise boundaries are not known a priori: each PDE describes a free boundary problem, the boundary value being selected locally from a hierarchy of subordinate PDE's (numerical aspect); the pricer must distinguish between long and short positions, as the agent can use her long positions to counter somewhat the worst-case early exercise strategies ascribed to the investors with whom she has established her short positions. This gives rise to the notion of best worst-case scenario (combinatorial aspect).
Potentially, up to O(2 n ) early exercise combinations need to be considered (n being the number of American options in the portfolio). This, of course, is unacceptably expensive. In this paper, we propose an algorithm that reduces the number of combinations tested locally (although no upper bound can be given), but remains correct in the sense that, locally, the best worst-case scenario is always found. We also present some heuristics which reduce the compute time further, but are no longer guaranteed to be correct. Our software can be accessed on the Internet; see Bu (1998) . Bensoussan (1984) and Karatzas (1988) are standard references for the analytical treatment of American options. Longsta and Schwartz (1998) is a recent contribution to simulation methods, with a list of references covering works on simulation and American options.
The rest of this paper is organized as follows. Section 2 reviews worstcase scenarios for European Options. Sections 3 and 4 extend the notion of worst-case scenarios to portfolios with American options. Section 5 applies the general theory to the Uncertain Volatility Model. Section 6 presents exact and approximate solution techniques. Section 7 summarizes experimental results. Section 8 concludes the paper.
2 Worst-case and uncertainty Throughout the paper we assume a ltered probability space ( ; F; fF t g; P), a one-dimensional Brownian motion W, and some nite time horizon T. In this probability space, let S = fS t g be a security price process which obeys the Let the nonnegative, continuous random variable X denote the payo of a contingent claim at time T. It is well known that the fair price of the contingent claim under a xed scenario follows the process
Now let X = (X 1 ; : : : ; X k ) be a vector of nonnegative, continuous contingent claims, all European, and maturing at time T. X 1 ; : : : ; X k are combined to a portfolio through = ( 1 ; : : : ; k ) 2 R k , where i 0 indicates the number of contracts in the ith claim sold by the agent, and, if i < 0, j i j indicates the number of contracts bought by the agent. The scalar product Y = X is also a|not necessarily nonnegative|continuous random variable on F T and represents the nal liability at time T from the perspective of the seller of the portfolio ( 1 X 1 ; : : : ; k X k ).
The fair value of position i X i under scenario is i F t (X i ; ) = F t ( i X i ; ).
The fair value of the entire portfolio is
From now on, we assume a candidate set C 2 C has been xed. We are interested in the following problem:
Given X, a vector of k contingent claims, and a position 2 R k .
What is the supremum of the fair value of ( ; X) under any scenario 2 C?
De nition 2.1. Let Y = X be the time T liability for portfolio ( ; X). The worst case scenario leads to nonlinear portfolio prices. In economic terms, nonlinearity is due to risk-diversi cation in cases with mixed convexity.
Any position in claims X has to be priced and hedged as a unit; no \stand-alone" price for X i can be deduced fromF 0 . 3 The seller of Y = X is completely hedged against volatility risk within the volatility constraints C if she charges at leastF 0 (Y ). Vice versa, the buyer of Y is completed hedged if she pays at most ?F 0 (?Y ). Uncertainty in the volatility thus leads to a corresponding no-arbitrage worst-case price range ?F 0 (?Y );F 0 (Y )] for any time T liability structure Y .
Early exercise
The contingent claims X i in the portfolio ( ; X) in the previous section were assumed to be European. We will now relax this assumption.
Consider a position 2 R k in contingent claims X 1 ; : : : ; X k with k 1 and i 0 for 1 i k ? 1. The last claim with payo X k is assumed to be European. The k?1 claims X 1 ; : : : ; X k?1 are assumed to be American; they can be exercised early. In her calculation of the worst-case volatility scenario, the seller of ( ; X) needs to take into account all possible early exercise strategies of the investors to whom the American options are sold. (In this section we assume all American claims are held short. In the next section, we will generalize to mixed positions.) Let T be the set of stopping times on ( ; F; fF t g; ). For 0 t T, set T t = f 2 T j tg. T t is the set of all stopping times which at time t haven't stopped yet.
The classical case is 1 = 1 and i = 0 for 2 i k, or one American option. It is known that under these assumptions and for xed 2 C, the fair price of X 1 follows the process
See Bensoussan (1984) or Karatzas (1988) , for instance. (X 1 ) is the payo at time , as opposed to the payo at time T for which we simply wrote X 1 .
Analogous to the European case, we de ne the worst-case price process aŝ
However, this does not generalize so easily to k options. If any one of the American options in our portfolio is exercised, the holder of the portfolio retains a portfolio consisting of k ?1 options, and is thus still exposed to volatility risk.
This smaller portfolio must itself recursively undergo a worst-case analysis.
Remark 3.1. Our notation is as follows. F and G are processes for xed 2 C, with F denoting the value of the (one) European option X k in the portfolio, and G denoting the value of the entire portfolio. The accent inF and G signi es the worst-case, i.e. appropriate selection of 2 C.Ĥ (de ned below)
will be something of a helper process that supports the hierarchical structure of the pricing problem for portfolios with several American options.
Grant for the moment that G = fG t g of (3.1) has been extended to cover the general case (it'll be rede ned below). for 0 < t T. Here, the continuous process B = fB s g represents the payo at exercise time, and in our case is instantiated with k X k ,F andĤ at di erent levels in the pyramid of equations. k X k is continuous by assumption, and thus is F for every 2 C. We make implicit existence assumptions throughout, and ll in all gaps by assuming (3.9) holds in all necessary places.
Let us justify this informal approach by returning to the example for k = 2.
Assume C has only a nite number of candidates. Then F t ( ; X; ) is wellde ned and continuous for all 2 C, andF t ( ; X) exists and is continuous, too.
If, in turn,F t ( 2 X 2 )+ 1 (X 1 ) t in the last line in (3.7) ful lls (3.9)|which it does for any combination of put options, for instance|, thenĜ t ( ; X) exists and is unique. This example shows that (3.9) is not insurmountable in practice. Since our focus is on implementation issues and to show (3.9) for general B is di cult, we avoid this technical hurdle by making the assumption in Remark 3.7.
De nition 3.8. 
Long and short positions
We now re ne the model of the previous section to allow long and short positions (until now it was assumed that all positions in American options were short). For simplicity, we henceforth assume that early exercise can occur only at discrete times 0 = t 0 < t 1 < < t N = T with xed distance t = t j ?t j?1 , 1 j N.
The subscript j refers to t j where convenient: S j instead of S tj ,Ĥ j instead ofĤ tj and so on. While the model is still continuous, some processes (i.e.,Ĥ) become discrete time processes. This simpli cation makes results like Prop. 3.9 much easier to generalize, for if there are long and short positions in the portfolio, it is no longer su cient to simply compute a supremum over T t . Rather, the agent faces a minmax problems at every moment.
Recall thatĤ j ( ; X) represents the maximum over all exercise combinations where at least one instrument gets exercised immediately. This is the worst case scenario for the seller of ( ; X) if i 0 for 1 i k ? 1, where the seller goes short instruments X 1 ; : : : ; X k?1 . In that case, control over the exercise strategy for X 1 ; : : : ; X k?1 is not possible. Control is, on the other hand, possible if one or more of the American instruments are bought by the agent, i.e. if i < 0 for some i. It makes economic sense to suppose that in this case the agent tries to diminish the adverse e ects of any early exercise strategy for the instruments held short on her exposure to volatiliy risk. The seller of the portfolio ( ; X) is interested in nding the minimal worst-case value of ( ; X); her best possible strategy needs to be incorporated into the worst-case scenario. As a consequence, we need to determine the best worst-case value of ( ; X).
Consider the example in Fig. 1 , where we assume that the portfolio contains two American claims. The agent is long X 1 and short X 2 . The outcomes of the four exercise/don't exercise combinations at a certain moment t j are assumed to be 40 (payo of X 1 and X 2 , plus worst-case value of remainder of portfolio), 5 (payo of X 1 , plus worst-case value of X 2 and remainder of portfolio), 10 (payo of X 2 , plus worst-case value of X 1 and remainder of portfolio) and 20 (neither X 1 nor X 2 exercised). If the agent decides to exercise X 1 , the worst-case value of her position is 40. If she decides not to exercise, the worst-case value is 20. The hypothetical payo matrix for the agent who is long X 1 and short X 2 , for some given S j at t j . Bold values represent row maxima; the framed value represents the best worst-case
The best worst-case value is therefore 20, and the strategy of the agent is to postpone the exercise of X 1 at least until t j+1 .
More general, assume a portfolio of claims X 1 ; : : : ; X s ; X s+1 ; : : : ; X k?1 ; X k and positions 1 ; : : : ; k with i > 0 for 1 i s
So the agent is short s claims and long l = k?s?1 claims. Claims X 1 ; : : : ; X k?1 are American; the kth claim shall be European. We set S = f1; : : : ; sg and L = fs + 1; : : : ; k ? 1g.
We continue to use the notation of Sect. 3, generalizing where necessary.
In particular,Ĝ = fĜ t g shall denote the best worst-case price process. As indicated in Remark 3.3, the superscript operator M needs to be made more stringent, andĜ M = fĜ M j g becomes the restriction ofĜ at time t j to the subset M, plust the cash ow received from the immediate exercise of the instruments not in M, and only those.
De nition 4.1. Let ; 6 = M f1; : : : ; k ?1g be a subset of instrument indeces, and assume G is given. From now on, G M j shall denote the restriction of G at time t j to the instruments in f1; : : : ; kg n M, with the additional condition that none of them be exercised immediately: In particular, G ; j is di erent from G j and indicates that no instrument shall be exercised at time t j .
The superscript operator M is used to reduce the best worst-case pricing problem for ( ; X) to simpler problems consisting of less instruments. Assume for the moment thatĜ M j is known for all ; 6 = M f1; : : : ; k ? 1g. In order to solve the minmax problem,Ĝ j must satisfy the following condition: Then we say that J represents the best worst-case at the exercise times.
(4.6) is equivalent to (4.5) except that remains xed until the rst instrument is exercised. Below, we will rede ne G as continuous-time process whose restriction to exercise times ful lls the requirements of Def. 4.2.
There are three cases: w j < max These cases can be understood by examining their e ect on (4.6). In the case (4.9a), the agent is worse o if at least one of the instruments held short is exercised. In the case (4.9c), the agent will herself exercise at least one of the instruments held long to reduce her worst-case liability. In both cases the following identity holds:
J j ( ; X; ) = min min for J, and in (4.14) is optimal in the sense of (3.11).
The following proposition is the analogon to Lemma 2.2.
Proposition 4.6. For positive c 2 R ++ and two positions ; 0 2 R k in claims X = (X 1 ; : : : ; X k ) such that i 0 i = 0 for 1 i k (i.e., and i select distinct subsets of X), the following holds: G t (c ; X) = cĜ t ( ; X) G t ( + 0 ; X) Ĝ t ( ; X) +Ĝ t ( 0 ; X) G t ( + 0 ; X) Ĝ t ( ; X) ?Ĝ t (? 0 ; X) (4.18) Proof. In the appendix.
A concrete worst-case scenario
Throughout the rest of the paper, we restrict ourselves to the candidate set C = f 2 C j 0 < min (S t ; t) max g (5.1) for exogenously given bounds min and max . C is the set of all volatility surfaces that remain within the prescribed bounds.
The European case
This worst case scenario has a solution that can be e ciently found with standard nite di erence methods. Let Y = X denote the payo of portfolio ( ; X). Avellaneda et al. (1995) ThenF is the worst-case price process:
(5.3) is a recipe to compute a volatility surface^ locally, by computing transition weights for the nite di erence lattice based on current convexity estimates.
The American case
We have already emphasized the hierarchical structure of the best worst-case pricing problem in Sect. 4.Ĝ t ( ; X) can be computed by recursively computingĤ j ( ; X) rst, and then using Fact 5.1 and free boundary nite di erence techniques. Letĝ(S t ; t; ; X) be the solution of the partial di erential equation The complexity stems from the fact that all exercise combinations are taken into account in (4.13). Most of these combinations, however, can be safely ignored. We develop this line of thought in the following paragraphs. whereĜ j ( 1; X n ) is shorthand forĜ j (( 1; 0); (X n ; X k )). 4
Proof. In the appendix.
Note that Prop. 5.2 is formulated for the exercise times t 0 ; : : : ; t N only. This proposition and the next will be used in heuristics that approximateĜ j ( ; X) while speeding up the computation. Figure 2 gives some graphical insight.
Proposition 5.3. Choose n 2 f1; : : : ; k ? 1g, and assumeĜ j (1; X n ) (X n ) j . their weighted sum as in Prop. 5.2. 3. Proposition 5.3 or one of the heuristics to be introduced below is used to nd all ; 6 = M f1; : : : ; k ? 1g which need to be examined to nd the best worst-case exercise pro le. In step 3, exercise pro les are probed by comparing the value obtained in step 2 to the valuesĝ M t . These values represent independent best worst-case scenarios for smaller portfolios, plus cash ows resulting from early exercise. The solutions of the smaller scenarios must be available in step 3; if this is not the case, solutions are computed recursively on the y and added to the set of best worstcase scenarios maintained by the solver.
Recall that 0 = t 0 ; : : : ; t N = T is an equidistant discretization of 0; : : : ; T].
We assume all American claims may be exercised early at each time slice t 0 ; : : : ; t N . Let S 0 denote today's price of the underlying asset, and assume the discretization of the space axes is given by S ?1 < S 0 < S 1 (we are not concerned with details of the nite di erence scheme in this paper, and thus omit the treatment of the boundaries of the lattice; the reader is referred to Avellaneda and Bu (1998) for a more detailed discussion).
De nition 6.1. Let ( ; X) be a portfolio with American options.V h j denotes the nite di erence approximation at (S h ; t j ), and The algorithms relies on a data structure that maintains smaller portfolios and dynamically adds new portfolios if they are demanded for comparison in step 4.
The algorithm in Fig. 3 is not complete without the heuristic H which determines which instruments to include in the local minmax problem. Those instruments are marked with p i = may exercise, while p i = force exercise or p i = dont exercise indicate that there is no uncertainty in the treatment of the ith instrument at S = S h and t = t j . The number of smaller portfolios that need to be looked at in step 4 is The condition (6.5) is not tested in the heuristic; rather, (6.7) is used directly to set the uncertainty corridor to Table 1 shows an overview over the four heuristics NAIVE, EXACT, NAR-ROW and COLLAPSE. From now on, we will focus on EXACT, NARROW and COLLAPSE only. It should be mentioned that we also implemented heuristics that extend COLLAPSE by probing at the boundary @ @ iĜ j ( ; X) in both directions for improvement. These attempts failed in that the resulting algorithms were slower than EXACT in almost all cases. With equal probability the option was made a call or a put option. Thus, in-the-money and out-of-the-money options are equally likely but the range of possible strikes for in-the-money options is about twice as wide as for out-of-the-money options.
The maturity of the option was chosen uniformly from 50; : : : ; 100], in days.
The position i , 1 i 8, was set to one of the values f 1; 2; 3g with equal probability. The set of 200 random portfolios was furthermore divided into two subsets as follows:
For the rst 100 portfolios, 4 options were marked as American. The remaining 4 options were marked as European. We refer to this subset as the 4/4 set of portfolios. For the last 100 portfolios, 5 options were marked as American. The remaining 3 options were marked as European. We refer to this subset as the 5/3 set of portfolios. Notice that the experimental setup generalizes the theoretical framework in two aspects: maturity dates can di er, and there is more than one European instrument in each portfolio. Both aspects are straightforward generalizations. We incorporate them into the experiments to get more variable curvature from the superposition of vanilla payo structures.
Both the 4/4 and the 5/3 set of portfolios were evaluated under heuristics EXACT, NARROW and COLLAPSE, and volatility bands in percentage of 10; 20], 10; 40], 10; 60], 10; 80] and 10; 100], respectively. Each of these 3 5 = 15 combinations was applied to each portfolio 2 R 8 as well as to ? , totaling 15 100 2 2 = 6000 evaluations, or samples. The market parameters were xed as follows: S 0 = 100, interest rate r = 5%, dividend rate q = 3%.
The evaluations were done explicitely on a nite di erence grid with the following mesh size:
for max = 20; 40; 60%, each sample was evaluated twice: in series 1 we used a time step of one day, and in series 2 we used two time steps per day; for max = 80%, each sample was evaluated twice: in series 1 we used 5 time steps per day, and in series 2 we used 10 time steps per day; for max = 100% the mesh size was 16 time steps per day (only one evaluation). The chosen time steps guarantee stability; the spatial mesh size was chosen accordingly. For details see also Avellaneda and Bu (1998) .
Statistical analysis
We are interested in the relative speed and accuracy of NARROW and COL-LAPSE compared with EXACT. First, however, the properties of EXACT as the reference algorithm are examined.
Running time of EXACT The statistics of the running time of heuristic EXACT are summarized in Table 2 . The running time is a function of the shape of the nite di erence lattice as well as the width and position of the uncertainty corridor of each American option in the portfolio. For max 80%, only series 1 is analyzed.
Convergence of EXACT The consistency of EXACT is re ected in the rst two central moments of (V 2 ?V 1 )=V 1 , whereV 1 andV 2 iterate over the results in series 1 and 2, respectively (the subscripts are dropped for convenience, i.e. V =V 0 0 ). As shown in Table 3 , convergence is better for narrow volatility bands. For max = 20% we nd stability in the rst two leading digits; for max = 40 and 60%, a large portion of the results disagree on the second leading digit. We conclude that for large max it does not make much sense to examine the relative faithfulness of NARROW and COLLAPSE to the result yielded by EXACT. 7 7 We are working on an implicit scheme to improve the numerical accuracy of our algorithms Relative speed of NARROW and COLLAPSE In the following speedup analysis of NARROW and COLLAPSE, series 1 is used where max 80%.
Let t E , t N and t C denote the compute times of EXACT, NARROW and COLLAPSE, respectively, for a particular sample. Table 4 shows the mean and standard deviation for t N =t E and t C =t E .
The relative speed of NARROW and COLLAPSE is remarkably uniform for di erent volatility bands, although the speed decreases slightly for very high max . Both heuristics prove more bene cial if the portfolio contains more American instruments: the gain for NARROW changes from 13 to 22%, and the gain for COLLAPSE changes from 35 to 45%. The standard deviation is under 20% throughout.
for large time steps. Here we are, however, primarily concerned with the relative bene t of trimming early exercise combinations under various heuristics. Relative accuracy of NARROW and COLLAPSE The relative accuracy of NARROW and COLLAPSE is analyzed for max 80%, based on the data in series 2. LetV E ,V N andV C denote the best worst-case value computed by EXACT, NARROW and COLLAPSE, respectively, for a particular sample. Table 5 shows the mean and standard deviation for the relative deviation from the EXACT reference result, (V N ?V E )=V E and (V C ?V E )=V E . Also shown in the table is the percentage of values that deviate no more than 1% from the reference result.
NARROW
Not shown in the table is the frequency of exactly matching results: 51.0 and 26.0% overall for the 4/4 set, and 46.8 and 19.0% overall for the 5/3 set. Figure  8 interpolates the frequency of results that equal the reference result or deviate no more than 1 or 5% for 20 max 80%. The frequency of \good" results drops consistently as the volatility band gets wider, and slightly if the portfolio contains more American options. Although NARROW and COLLAPSE reproduce the EXACT result less than half the time, the frequency at which a 1% relative error bound is achieved is above or close to 90% throughout.
Outliers
There are 4 portfolio/volatility combinations (3 in the 4/4 set, and one in the 5/3 set) for max 60% where the relative error of either NARROW or COLLAPSE exceeds 50%. These cases are listed in Table 6 . The second case, marked with the arrow, is itemized in Table 7 .
Further investigation of the marked case showed considerable oscillation in the EXACT result when the time step was reduced from 1 respectively 2 to 5, 20, 50 and 100 steps per day. erratic convergence is typical when the discrepancy between the EXACT and the NARROW/COLLAPSE result is large. In other words, poor convergence and disagreement of the various heuristics seem to be correlated. We have not quanti ed this e ect, however.
Conclusions
We have presented algorithms that price portfolios of European and American contingent claims in the presence of uncertainty in the volatility of the underlying asset. A best worst-case approach was used, in which it was assumed that the agent would tune the early exercise strategy for her long positions in American claims to control her worst-case volatility risk.
Although experimental results show some inaccuracy if the portfolio contains many American claims, and/or the volatility band is wide, the bene ts of our method outweigh its shortcomings, in our view. This is even more true considering that other methods such as Monte Carlo do not seem applicable to highly non-linear, path-dependent problems such as we consider. It should also be noted that our examples were extreme in that wide volatility bands were assumed over the entire lifetime of the portfolios. In a more real setting, the range of uncertainty would be narrower or restricted in time. The results for the volatility bands 10; 20] and 10; 40] were satisfactory. For given 2 C, let J = fJ j g and J 0 = fJ 0 j g be two processes which represent the best worst-case at the exercise times. Then J j ( ; X; ) = J 0 j ( ; X; ) for 0 j N.
Proof. It is easy to see that for k = 1, J j ( ; X; ) = J 0 j ( ; X; ) = F j ( 1 X 1 ; ).
For k = 2, (4.6) reads J j ( ; X; ) = A similar argument applies to the general case k > 2.
Proof of Prop. 4.4. By Lemma A.1, there is at most one process that represents the best worst-case at the exercise times if theĜ M are given. The construction argument in the lemma also shows that such a process exists.
We have to show G j ( ; X; ) = J j ( ; X; ) for 0 j N. Let = ? j. The event f = 0g is F j -measurable. Set p = Pr f = 0g and q = 1 ? p. Thus Proof of Prop. 5.2. It is instructive to base the proof of the rst part of the proposition on Fact 5.1|the PDE formulation leads directly to an algorithm to computeĜ and its partial derivatives in simultaneously.
We prove (5.6) by induction over k. Assume k = 1. Then X 1 is European, and Fact 5.1 impliesF t ( 1 X 1 ) =f(S t ; t; 1 X 1 ) with boundary condition f(S T ; T) = 1 X 1 . We have @ @ 1f (S T ; T) = X 1 , and Reasoning as above, we nd thatĥ satis es the same PDE asĝ. Moreover, by (C.5) and (C.6), both functions coincide on the boundary. This completes the induction step.
We prove the second part of Prop. 5.2 only forĜ j (1; X n ), by induction over k. Let If n 6 2 M, we use the induction hypothesis directly to get (C.11).
In the following, we use the assumption of uniform continuity for the expec- Proof of Prop. 5.3. We use Prop. 4.6. First, assumeĜ j (1; X n ) (X n ) j and n > 0 (i.e., n 2 S). Set C = fng. Then, G j ( ; X) Ĝ j ( n ; X n ) +Ĝ j ( j C ; X) = nĜj (1; X n ) +Ĝ j ( j C ; X) n (X n ) j +Ĝ j ( j C ; X) = n (X n ) j + min Thus,Ĝ j ( ; X) =Ĝ M j ( ; X). If n < 0 (i.e., n 2 L) we reason similarly, and get G j ( ; X) ?Ĝ j (? n ; X n ) +Ĝ j ( j C ; X) = ?j n jĜ j (1; X n ) +Ĝ j ( j C ; X) n (X n ) j +Ĝ j ( j C ; X) = n (X n ) j + min we arrive at a contradiction as well. Thus,Ĝ j ( ; X) =Ĝ M j ( ; X) for some M f1; : : : ; n ? 1g with n 6 2 M independent of the sign of n .
